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Abstract
We discuss, in conformally invariant field theories such as QCD with massless fermions, a possible link between
the perturbative signature of the conformal anomaly, in the form of anomaly poles of the 1-particle irreducible
effective action, and its description in terms of Wess-Zumino actions with a dilaton. The two descriptions are
expected to capture the UV and IR behaviour of the conformal anomaly, in terms of fundamental and effective
degrees of freedom respectively, with the dilaton effective state appearing in a nonlinear realization. As in the
chiral case, conformal anomalies seem to be related to the appearance of these effective interactions in the 1PI
action in all the gauge-invariant sectors of the Standard Model. We show that, as a consequence of the underlying
anomalous symmetry, the infinite hierarchy of recurrence relations involving self-interactions of the dilaton is
entirely determined only by the first four of them. This relation can be generalized to any even space-time
dimension.
1 Introduction
Conformal anomalies play a significant role in theories which are classically scale invariant, such as QCD. This type
of anomaly manifests as a non-vanishing trace of the vacuum expectation value (vev) of the energy momentum
tensor in a metric (gµν) and gauge field (Aµ) background. If the spontaneous breaking of symmetries is associated
with massless Goldstone modes of a theory, it is also natural to associate to the anomalous breaking of the conformal
symmetry a massless state, identified as the dilaton. Non-perturbative effects may be responsible for the generation
of a mass for this state, as do radiative corrections in the form of a usual Coleman-Weinberg potential, by a
perturbative resummation. The anomaly is expressed by the functional relation
gµν〈Tµν〉s ≡ A[g,A] = βa F + βbE4 + βcR− κ
4
Fµν Fµν
F ≡ CαβγδCαβγδ = RαβγδRαβγδ − 2RαβRαβ + 1
3
R2
E4 ≡ RαβγδRαβγδ − 4RαβRαβ +R2 , (1)
with the β’s, κ constants which depend on the particle content of the theory. The first two scalars appearing in the
anomaly functional given above correspond to the square of the Wey tensor (F ) and to the Euler-Poincare´ density
(E4), here specialized to 4 space-time dimensions.
A perturbative realization of the conformal anomaly is found in the Green function of one energy-momentum
tensor and two vector currents, the TV V (see Fig. 1) vertex. We start by discussing this contribution and try
to clarify the connection between the perturbative description of the conformal anomaly both at high and low
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energy, elaborating on the respective effective actions which account for it. We begin from the chiral anomaly, as
an example, moving then to the conformal anomaly at a second stage.
Direct perturbative computations [1, 2] show that, in momentum space, for massless fermions and on-shell photons
of momenta k1 and k2, the chiral anomaly diagram reduces to a single tensor structure
Figure 1: Diagrammatic expansions of the TV V vertex
∆λµν(k1, k2) =
iQ2
2pi2
kλ
k2
µναβ k1α k2 β , (2)
with k = k1 + k2, where we have denoted with λ the index associated with the axial vector current and with µ, ν
those of the two vector currents. In this case the form factor is trivially given by a 1/k2 term in the axial-vector
channel, the anomaly pole [1]. A discussion of the nonlocal anomaly action identified by this contribution in position
space can be found in [2, 3, 4]. Obviously, it is by now a common lore that the anomaly pole appearing in the
perturbative computation is matched, in the chiral limit of QCD, to the bound state of a quark-antiquark pair,
identified with the pion. In this respect, the perturbative pole of the chiral anomaly provides a window on the
non perturbative phase of QCD, with the anomaly reproduced, at low energy, by a composite state via a nonlinear
(but local) Wess-Zumino action. This second form of the anomaly action carries the same anomaly content of the
1-particle irreducible effective action (1PI) obtained from (2), although the passage from the nonlocal to the local
formulation is, obviously, a complicated and unsolved problem, related to confinement and the vacuum structure
of QCD. There is no doubt, though, that the appearance of poles in the 1PI action is an important perturbative
aspect which requires a close attention.
It is also clear, though, that the anomaly action is not unique. Both the local and the nonlocal versions of this
action are legitimate descriptions of the same phenomenon, and we should use, for phenomenological applications,
the version of the two which is the most appropriate. The nonlocal anomaly action, for instance, identified via
the anomaly pole, is describing the conformal anomaly from a perturbative perspective and corresponds to a UV
description. Its counterpart, at lower energy, is a local action where the interpolating massless state appears as
an asymptotic field. We just recall that Wess-Zumino actions, introduced as a variational solution of the anomaly
condition, carry no reference to perturbation theory and introduce an extra field, which shifts as a Goldstone mode
under the symmetry. This field describes the same composite state previously identified in the UV as a simple virtual
exchange in the Feynman expansion. This field can be a scalar or a pseudoscalar. In the case of the conformal
anomaly this scalar is the dilaton.
As we have emphasized above, anomaly poles are not only a feature of chiral anomalies, but also of trace anomalies,
as shown from the computation of the spectral densities of the TV V correlator in pure QED [5, 6], QCD and
electroweak theory [7, 8]. In massless QED, for instance, which is a conformally invariant theory affected by the
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conformal anomaly, this is quite evident from the structure of the TV V correlator in momentum space,
Γµναβ(k2, 0, 0) = − e
2
48pi2
{
1
k2
[(
2 pβ qα − k2 gαβ) (2 pµ pν + 2 qµ qν − k2 gµν)]
+
1
3
(
12 log
(
k2
µ2
)
− 35
)[(
pµqν + pνqµ
)
ηαβ +
k2
2
(
ηανηβµ + ηαµηβν
)
− ηµν(k
2
2
ηαβ − qαpβ)− (ηβνpµ + ηβµpν)qα − (ηανqµ + ηαµqν)pβ]}, (3)
which exhibits again the 1/k2 behaviour of the anomaly, as in the chiral case. Here k is the momentum of the
graviton and p and q those of the two photons. This pole-like behaviour, as shown in [9], is naturally inherited
by the dilatation current JD = xT of the conformal theory. Obviously, given this perturbative evidence, which
we interpret as an ultraviolet description, it is then natural to thread our way, also in this case, by following the
example of the chiral anomaly. If the anomaly pole is the signature of the pseudo-Goldstone boson of the broken
conformal symmetry, then we should look for an action which reproduces the same anomaly and is suitable for the
description of this virtual exchange as a composite asymptotic field. This action will describe a composite dilaton
and will be characterized by a new scale, Λ, expected to be larger than the electroweak scale v. This perturbative
analysis has been carried out in all the neutral currents sectors of the Standard Model [7, 8], with identical results.
We are now going to highlight the construction of the local anomaly action which is expected to capture the
dynamics of this composite state using a special procedure called Weyl gauging. As in the chiral case, also in this
case it is natural to expect that all the anomalous interactions of the effective dilaton will be derived from the
anomaly functional. For instance, the part of the local effective action describing the anomaly pole appearing in
(3) is trivial to write down
Γ[Aµ, τ ] =
∫
d4x
τ
Λ
FµνFµν + . . . (mass terms) , (4)
with Λ the conformal scale, as the field strength Fµν is inert under Weyl scaling. In general, however, the derivation
of the remaining contributions requires considerable effort, also because of the contributions coming from the local
anomaly terms which are prescription dependent and that we prefer to keep. As in the chiral case, the development
of a step-by step procedure which would allow to move from one description to the other remains an open issue.
2 Weyl-gauging and the Wess-Zumino anomaly action for the dilaton
To derive the local dilaton anomaly action, we have extended the method of Weyl-gauging, first proposed for classical
theories in [10] (see also [11]) to the renormalized (quantum) action responsible for the conformal anomaly. The
general strategy for making a classical field theory Weyl invariant involves field-enlarging transformations such as
Φ → Φ edΦτ/Λ ,
∇µ → ∇µ + (−dΦ δνµ + 2 Σνµ) Wν ,
gˆµν → gµνe−2τ/Λ , (5)
with τ being the dilaton and Wµ an abelian gauge vector field. Under a Weyl transformation with a parameter σ ,
the change in the metric is given by
gˆµν → gˆµν ≡ gµν e2σ(x) , (6)
while the Weyl field Wµ transforms as an ordinary abelian connection
Wµ → Wµ + ∂µσ . (7)
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For a theory with a scale invariant Lagrangean, the compensator field τ does not appear explicitly. However,
if the theory is not scale invariant, for instance due to the presence of dimensional parameters (µ), there is no
way of avoiding the introduction of a compensator field. The gauging procedure renders the general dimensionful
parameter µ Weyl invariant via the field enlarging transformation
µ → µ e−dµτ/Λ . (8)
Under a Weyl transformation, the transformation rule for τ is that of a Goldstone mode, with a local shift
τ → τ − Λσ(x) . (9)
At a second stage the compensator is made dynamical with the inclusion of a kinetic term [12]. In a minimal
description, the Weyl gauge connection is traded for a derivative of the dilaton field
Wµ ≡ ∂µτ
Λ
, (10)
which has significant aesthetic appealing, since the gradient of the dilaton field takes the role of a gauge connection
for the implementation of the Weyl symmetry. Below we will provide few more details concerning this construction,
which exemplifies the approach to be followed in the computation of the same action for realistic situations, the
Standard Model being the most important case. In general, there can be two kinds of contributions to the dilaton
effective action:
1. diffeomorphism× Weyl-invariant terms, carrying no information on the anomalous interactions;
2. diffeomorphism-invariant ×Weyl-non-invariant terms, describing anomalous interactions.
The first kind of contributions are easy to identify, as they are simply given by all the terms obtained by the
Weyl-gauging of all the diffeomorphic invariant functionals [13],
Jn ∼ 1
Λ2(n−2)
∫
d4x
√
gˆ Rˆn . (11)
It is interesting to investigate the effect of Weyl gauging on the non Weyl-invariant part of the quantum effective
action. This is best done by working in dimensional regularization, because in such a scheme the terms in the trace
anomaly are in a one to one correspondence with the 1-loop counterterms [14]. Denoting with Γ0[g] the classical
unrenormalized action and with ΓCt[g] its counterterm, the renormalized action Γ[g] takes the form
Γ[g] = Γ0[g] + ΓCt[g], (12)
with
ΓCt[g] = −µ
−

∫
ddx
√
g
(
βaF + βbE4
)
,  = 4− d. (13)
The anomaly is generated by the counterterm
gµν
δΓ0[g]
δgµν
∣∣∣∣
d→4
= 0 ,
2√
g
gµν
δΓCt[g]
δgµν
∣∣∣∣
d→4
= βa
(
F − 2
3
R
)
+ βbE4 . (14)
In the case of the square of the Weyl tensor F , for instance, starting from the expansion of the Weyl-gauged
counterterms (with everything computed in d dimensions) one derives the functional relation
− 1

∫
ddx
√
gˆ Fˆ = −1

∫
ddx
∞∑
i,j=0
1
i!j!
i
1
Λj
∂i+j
[√
gˆ Fˆ
]
∂i ∂(1/Λ)j
, (15)
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which plays a key role in the derivation of the local version of the anomaly action. Obviously, only the O()
contributions in the power-series expansion above are significant, due to the 1/ pole. A similar relation holds for
the E4 counterterm. It is clear that by a Weyl gauging of the counterterm action we are generating an action which
is Weyl invariant
Γˆren[g, τ ] = Γren[g, τ ]− ΓWZ [g, τ ] , (16)
δW Γˆren[g, τ ] = 0 , (17)
with δW the Weyl variation, showing that the new terms generated by this procedure correspond to the dilaton
Wess-Zumino action (up to a sign). After rearranging (15) and the analogue equation for
∫
ddx
√
g Eˆ4 through
many integrations by parts, we get the final expression of the dilaton action
ΓWZ [g, τ ] = Γren[g, τ ]− Γˆren[g, τ ] =
∫
d4x
√
g
{
βa
[
τ
Λ
(
F − 2
3
R
)
+
2
Λ2
(
R
3
(∂τ)
2
+ (τ)2
)
− 4
Λ3
(∂τ)
2 τ + 2
Λ4
(∂τ)
4
]
+βb
[
τ
Λ
E4 − 4
Λ2
(
Rαβ − R
2
gαβ
)
∂ατ ∂βτ − 4
Λ3
(∂τ)
2 τ + 2
Λ4
(∂τ)
4
]}
. (18)
At the price of introducing one extra degree of freedom, the dilaton, we have naturally obtained a Weyl-invariant
quantum effective action, represented by Γren[g, τ ]. Obviously, at this stage, we view this result just as a formal
trick which allows to extract ΓWZ [g, τ ] in an interesting way and not as an attempt to erase the conformal anomaly
at quantum level. In particular, in the flat space limit (with g → δ) we have the result
ΓWZ [δ, τ ] =
∫
d4x
[
2βa
Λ2
(τ)2 + (βa + βb)
(
− 4
Λ3
(∂τ)2τ + 2
Λ4
(∂τ)
4
)]
, (19)
which can be very powerful from the computational point of view.
In fact, from (19) it is easy to extract the dilaton interactions predicted by the anomaly In(x1, . . . , xn), defined
as
In(x1, . . . , xn) =
δn
(
Γˆren[δ, τ ]− Γren[δ, τ ]
)
δτ(x1) . . . δτ(xn)
= − δ
nΓWZ [δ, τ ]
δτ(x1) . . . δτ(xn)
. (20)
A remarkable feature of (20) is that
In(x1, . . . , xn) = 0 , n ≥ 5 , (21)
a constraint which can be generalized to any conformal theory in any even dimension d, showing that there are no
dilaton interactions for n > d.
Thanks to this relation, we can draw some significant constraints on the traced correlators of the energy-momentum
tensor for classically conformally invariant field theories. This program has been completed in 2 and 4 dimensions
in [13] and for 6 dimensions in [12].
3 Conclusions
The anomalous breaking of a conformal symmetry manifests in the appearance of a dilaton in the effective action.
We have elaborated on the fact that the signature of this breaking, according to the ultraviolet description provided
by the Feynman expansion, consists in the appearance of anomaly poles (found in all the gauge invariant sectors of
5
QCD as of the electroweak theory) in those correlators which manifest the anomaly. According to the perturbative
picture, the corresponding action takes a nonlocal form. On the other hand, the local action which describes the
dynamics of this effective degree of freedom should take a typical Wess-Zumino form. In our approach we have
derived this action using a Weyl symmetric construction. This allows to obtain, as an important by-product, some
nontrivial constraints concerning the structure of the dilaton self-interactions. We expect that the (local) nonlinear
realization of this action will find significant phenomenological applications both in QCD and in the electroweak
theory.
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